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An inequality in Orlicz function spaces with Orlicz norm
Jincai Wang
Abstract. We use Simonenko quantitative indices of an N -function Φ to estimate two
parameters qΦ and QΦ in Orlicz function spaces L
Φ[0,∞) with Orlicz norm, and get
the following inequality: BΦ
BΦ−1
≤ qΦ ≤ QΦ ≤
AΦ
Aφ−1
, where AΦ and BΦ are Simonenko
indices. A similar inequality is obtained in LΦ[0, 1] with Orlicz norm.
Keywords: Orlicz spaces, Simonenko indices, △2-condition
Classification: 46B20, 46E30
1. Introduction
Definition 1.1. A function M : R −→ R is called an N -function, if
(i) M is continuous, convex and even;
(ii) M(u) > 0 for u 6= 0, M(0) = 0;
(iii) lim
u→0











be a pair of complementary N -functions. The Orlicz function space is defined
as follows: LΦ[0, 1] = {x(t) : x(t) is measurable on [0, 1] and ρΦ(λx(t)) dt < ∞
for some λ > 0}, where ρΦ(x(t)) =
∫
[0,1] Φ(x(t)) dt; L
Φ[0,∞) = {x(t) : x(t)
is measurable on [0,∞), ρΦ(λx(t)) dt < ∞ for some λ > 0}, and ρΦ(x(t)) =
∫






An N -function Φ(u) is said to satisfy the △2-condition for small u (in symbol
Φ ∈ △2(0)), if there exists u0 > 0 and C > 0, such that Φ(2u) ≤ CΦ(u) for
0 ≤ u ≤ u0. Φ(u) is said to satisfy the △2-condition for large u (in symbol
Φ ∈ △2(∞)), if there exists u0 > 0 and C > 0 such that Φ(2u) ≤ CΦ(u)
for u ≥ u0. Φ(u) is said to satisfy the △2-condition for all u ≥ 0 (in symbol
u ∈ △2), if there exist C > 0 such that Φ(2u) ≤ CΦ(u) for u ≥ 0. An N -function
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Φ(u) is said to satisfy the ∇2-condition for small u (for large u, for all u ≥ 0),
in symbol Φ ∈ ∇2(0) (Φ ∈ ∇2(∞), Φ ∈ ∇2), if its complementary N -function
Ψ ∈ △2(0) (Ψ ∈ △2(∞), Ψ ∈ △2).
The basic results on Orlicz spaces can be found in Krasnosel’skii and Rutickii
[2], Lindenstrauss and Tzafriri [3], Rao and Ren [6], Chen [1].
The Simonenko indices of an N -function Φ are defined as









Simonenko introduced these indices in [9] and [8], and we can find a detailed
description in Maligranda [4].
Clearly, 1 ≤ AΦ ≤ BΦ ≤ ∞.
Proposition 1.1. Let Φ be an N -function. Then
Φ ∈ ∇2 ⇐⇒ 1 < AΦ; Φ ∈ △2 ⇐⇒ BΦ <∞.
The proof of the proposition can be found in Krasnosel’skii and Rutickii [2,
p. 24–26].








The proof of Lemma 1.2 can be found in Simonenko [9] or Rao & Ren [6].
The next lemma can be found in [1], [10] or [5].
Lemma 1.3. Let Φ(u) =
∫ |u|
0 φ(t) dt and Ψ(v) =
∫ |v|
0 ψ(s) ds be a pair of com-
plementary N -functions. We denote
k∗x = inf{k > 0 : ρΨ[φ(k|x|)] ≥ 1}, k
∗∗
x = sup{k > 0 : ρΨ[φ(k|x|)] ≤ 1}.
Then k ∈ [k∗x, k
∗∗






Y. Yan estimated the two parameters QΦ and qΦ in the Orlicz sequence
space lΦ, and got the following result (see [11], [7] or [13]).
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: 0 < t ≤ ψ[Ψ−1(1)]
}
.
The upper estimate in (3) can also be found in [12]. Now we establish a similar
inequality in the Orlicz function space with Orlicz norm. Firstly, we have
































where AΦ, BΦ, AΨ and BΨ are defined by (1).






For Φ /∈ △2, by Proposition 1.1, we have BΦ = ∞ or AΨ = 1. The result is
obvious.
For Φ ∈ △2, we only prove that for every x ∈ L
Φ[0,∞) which satisfies ‖x‖Φ =
1, we have k∗x ≥
BΦ
BΦ−1
. Firstly, we have ρΨ(φ(k
∗
x|x(t)|)) ≥ 1. In fact, if Φ ∈ △2,
then ρΦ[(k
∗
x + 1)x] <∞. So
ρΨ(φ((k
∗
x + 1)|x(t)|)) ≤ ρΨ(φ((k
∗






(k∗x + 1)|x(t)| · φ((k
∗
x + 1)|x(t)|) dt
≤ BΦρΦ((k
∗
x + 1)|x(t)|) <∞.
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Choose k∗x < kn < k
∗
x + 1 such that kn ց k
∗
x. By the right continuity of φ and







































By Lemma 1.3, we get




















If Φ /∈ ∇2, then AΦ = 1 or BΨ =∞. The result is obvious.
If Φ ∈ ∇2, then AΦ > 1. For every x ∈ L
Φ[0,∞) which satisfies ‖x‖Φ = 1, and
for any k ∈ [k∗x, k
∗∗
x ], we have




For any 0 < ε < 1 < k, we have




[1 + ρΦ(tx)] ≤
1
k − ε
[1 + ρΦ((k − ε)x)].
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By the definition of k∗∗x and k − ε < k
∗∗
x , we have
(9)




(k − ε)x(t)φ[(k − ε)x(t)] dt
≥ AΦρΦ((k − ε)x(t)).
Therefore by (8) and (9), we have
1 ≥ (AΦ − 1)ρΦ((k − ε)x(t)) ≥ (AΦ − 1)(k − ε− 1))
or









This implies (7) since x and k are arbitrary. 
Corollary 2.1. (i) If Φ ∈ ∇2, then QΦ <∞; (ii) If Φ ∈ △2, then qΦ > 1.
For 0 6= x ∈ LΦ[0, 1], we still denote
k∗x = inf{k > 0 : ρΨ[φ(kx)] ≥ 1},














































Theorem 2.2. If Φ,Ψ is a pair of complementary N -functions, then
B∗Φ − ε0φ(ε0)
B∗Φ − 1












−1 . If Φ /∈ △2(∞), then B
∗
Φ = ∞, and
the result is clear. If Φ ∈ △2(∞), then B
∗
Φ < ∞. By the proof of Theorem 2.1,
for x ∈ LΦ[0, 1] with ‖x‖Φ = 1, we have ρΨ(φ(k
∗






































x − 1, we have
1− ε0φ(ε0)
B∗Φ − 1

















−1 . If Φ /∈ ∇2(∞), the result is obvious. If
Φ ∈ ∇2(∞), then ∀x ∈ S(L
Φ[0, 1]), ∀k ∈ [k∗x, k
∗∗
x ] and 0 < ε < 1, we get












Φ((k − ε)|x(t)|) dt
= A∗Φ{ρΦ[(k − ε)x(t)] −
∫
{t∈[0,1]:(k−ε)|x(t)|<ε0}
Φ((k − ε)x(t)) dt}
≥ A∗Φ{ρΦ[(k − ε)x(t)] − Φ(ε0)}.
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So
1 +A∗ΦΦ(ε0) ≥ (A
∗
Φ − 1)ρ((k − ε)x(t)) ≥ (A
∗

















Corollary 2.2 (S.T. Chen [1, p. 21]).
(i) If Φ ∈ △2(∞), then qΦ > 1.
(ii) If Φ ∈ ∇2(∞), then QΦ <∞.
From the proof of Theorem 2.2, we know Theorem 2.2 is true for any 0 < ε < ε0.
Letting ε to tend to 0, we get








where AΦ, BΦ, AΨ and BΨ are defined by (1).
Example 1. For the N -function Φ(u) = |u|p, which generates Lp[0,∞), we have
AΦ = BΦ = p. By Theorem 2.1 and Corollary 2.3, we have qΦ = QΦ =
p
p−1 .
Example 2. For the N -function Φ(u) = e|u| − |u| − 1, we have
(11) 1 ≤ qΦ ≤ QΦ ≤ 2.
Indeed, FΦ(t) =
t(et−1)
et−t−1 is increasing in (0,+∞). So AΦ = lim
t→0+
FΦ(t) = 2
and BΦ = lim
t→+∞
FΦ(t) = ∞. Therefore (11) follows from Theorem 2.1 and
Corollary 2.3.
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